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with Partial Measurements
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The paper addresses the problem of predicting the statistics of shape distortion of space truss structures when
measurements are limited to the distortions in a subset of the members of the truss. Expressions for the average
values of a quadratic measure of the distortion in terms of mean values and covariances of member length errors
are developed. An example of a 150-member antenna truss is used to assess the performance of static shape control
with active members used as collocated sensors and actuators. Actuator locations are selected based on genetic
algorithm optimization. It is found that performance is poor even when large numbers of sensor-actuator pairs
are used. This indicates that it may not be practical to rely on incomplete measurements of member distortions to

achieve reasonable levels of shape control.

Nomenclature

A = weighting matrix defined by Eq. (4)

B = positive semidefinite weighting matrix

E() = expected value

E.() = conditional expected value (conditioned on ¢; = €3,,)

f = mean squared error

fe = mean squared error after shape control with complete
measurements

Som = mean squared error after shape control with partial
measurements

G = coefficient matrix between displacement and member
length error :

g’ = distortion ratio

L = Factor of A defined by Eq. (6)

L = Factor of § defined by Eq. (24)

ng = number of actuators

ng = population size in genetic algorithms

N = weighting matrix defined by Eq. (24)

T = linear control coefficient matrix

trace(-) = trace of matrix

u = displacement field of truss structures

U = corrective displacement field
AQ) = uncorrelated value
Ae = uncorrelated member length error

€ = member length error vector

e? = partially measured member length error vector

€ = normalized member length error defined by Eq. (5)
€’ = well-correlated member length error vector

€ = unmeasured member length error vector [Eq. (10)]
€ = measured member length error vector

0 = vector of control commands
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" = member error expected value vector, E(¢)

Him = conditional expected value of unmeasured member
length error with measured values

P = correlation coefficient

() = covariance matrix

() = conditional covariance matrix of unmeasured member
length error with measured values

N = covariance matrix of member length error vector

o () = standard deviation

oM™ = conditional value with measured member length error

o4 = transposed matrix

\)° = well-correlated value

! = inverse of matrix

-)* = result by random simulation

Introduction

PACE antennas often have to maintain extreme surface accu-

racies. This requirement translates to similar shape accuracy
requirements for the truss structures that support these antennas.
Member length errors are the prime contributors to shape distortion,
and these length errors are mostly due to manufacturing errors and
thermal expansion. Because of the random nature of both sources
of length errors, the treatment of the shape distortion is often proba-
bilistic in nature, with the expected value of some measure of surface
distortion used as a measure of performance.!

To achieve the high accuracy, we usually use actuators that re-
spond to shape distortion by corrective action. Most of the work on
shape control of space trusses assumed perfect knowledge of the
distortion. However, this assumption may not be realistic. Kuwao
et al.2 have explored shape estimation and control based on partial
measurements. They found that when the distortions of some mem-
bers are measured, interpolation of unmeasured member distortions
may be an effective tool for estimating overall shape error and con-
trolling it. Bruno et al.3 have estimated the effects of incomplete
measurements by a neural network approach. The objective of the
present paper is to extend these works so as to include probabilistic
treatment of the uncertainties associated with the distortion errors.

We assume that the major source of member length errors is
thermal expansion. Manufacturing length errors are also important,
but because they are constant, they may be compensated for elec-
tronically. That is, constant errors are easier to deal with than vari-
able errors. Because temperature fields are continuous, we expect
the temperatures of adjacent members to be correlated, and therefore
their distortions to be likewise correlated.
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This paper has two parts. In the first part we develop expres-
sions for a quadratic shape distortion measure based on assumed
knowledge of the statistics of the member length errors. We first
consider the case of no actuators and the case of using actuators
with full knowledge of the distortion. Next we consider the case
of partial measurements and show that for this case the optimal
control strategy starts by estimating the unmeasured quantities and
then treats them the same as measured distortions. Finally, we ob-
tain expressions for the loss of performance associated with partial
measurements and use a simple example for illustration. The sec-
ond part of the paper deals with the expected performance of shape
correction based on partial measurements through an example of
a 150-member truss antenna structure. We first propose a simple
model for generating statistical parameters for such a structure, and
then we consider the performance of shape correction as the number
of sensors and actuators (assumed to be collocated) increases. To
ensure that good locations are chosen for the actuators, we employ
a genetic algorithm.*

Statistics of Shape Distortion
Shape Errors with Complete Measurements
Consider first the problem of estimating the shape errors when we
know only the statistical distribution of the member length errors.
The shape error is measured by a quadratic measure, such as the
mean squared error -

f=u"Bu )
We assume a vector € of member length errors is responsible for the

displacement u, and the behavior is linear, so that # may be obtained
from € via linear analysis:

u = Ge )
where G is 2 matrix obtained (for example) by finite element anal-
ysis. Using Egs. (1) and (2), we get

f=¢€"Ac : 3)
where
A=G7BG @

We assume that ¢ is a vector of normally distributed random
variables with means given by the vector 4 = E(€), and covariance
given as Xy = X (¢). To calculate the expected value of the error f,
we start by defining

€ =L"(e—p) Q)
where L is any factor of A (e.g., the Cholesky factor) that satisfies
A=LLT 6)

Then ¢’ is a vector of normally distributed random variables with
zero mean and covariance

() = LT%L M
With Egs. (3), (5), and (6), we can write
F=WTeTLTe=€e"¢ +2uTLe' + uTAp (8)
Finally, the expected value of f is given as

E(f)= trace(LT ToL) + u" Ap ©)

Shape Errors with Partial Measurements

Next assume that we have measured some components of the
vector €. We partition the vector into its unmeasured part €; and its
measured part €, , and denote the partially measured vector as €P:

e = [elT ezT]T (10)

We denote the expected values of the two parts as p; and p,, re-
spectively:

w1 = E(ey), 2 = E(&) an

We similarly partition the matrices A and Xy:

An Ap Tn Xp
A= s 3o = 12
[ Axn Ap ] 0 [ o1 Ex 12

Using this notation, we have
f =€ Ane +2¢] Apenn + €5, Anéan (13)

We denote the conditional expected values and variances, given
€ = €, by subscript m. Then, from Eq. (13),

En(f) = E(f &= €2m)
= En(f1) + 20, Anéon + €5, Anérm (14)
where
fi=Ane as)

The conditional expected value 1, and the conditional covariance
matrix Xy, of €, are given (e.g., Ref. 5; see also Appendix A) as

Bim = En(€) = p1 + 1225 (€2m — 12) (16)
and
Tim = Em(e)) = By — TpEH' B amn

To evaluate L, ( fi) we can use the results of the previous section
with €; replacing €, A;; replacing A, and the conditional expected
values and covariances replacing their unconditional counterparts.

Finally we obtain the following expression:

En(f) = trace(L{, BuimLu1) + 1], A1 fim

+2uT Apem + €, Anén (18)

where L, is a factor of Ay;.

Shape Correction with Complete Measurements

We assume that we have a vector 6 of control commands that
produce a vector of corrective displacements u,. that depends linearly
on the control:

u, =T8O (19)
The total displacement field uy is given as
ur =Ge+T6 (20)

Assuming that we have complete knowledge of the effect of the
errors, that is, we know Ge, we can calculate the best corrective
action 6 by minimizing f:

f = (Ge+T6)"B(Ge + T9) 21
Differentiating f with respect to 8 and setting to zero, we find that
6 =—(T"BT)'T"BGe (22)

Note that when the columns of BT are linearly dependent, or
when one of the columns is zero (which happens when an actuator
does not have any effect on any of the components of u that have
nonzero B entries), then T7 BT is singular. In this case we under-
stand the inverse to mean the generalized inverse (which we have
implemented using the singular-value decomposition). Substituting
0 into Eq. (21), we get the corrected value of f,

fo=€¢T(A—S)e 23)
where

S=G"BT(T"BT)'T"BG = L,LT 24
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We can calculate the expected value of €7 Se using a procedure
similar to the one that led to Eq. (9) with A replaced by S and €’
defined on the basis of the Cholesky factor L, of § instead of the
Cholesky factor L of A. Altogether we get

E(f,) = trace(LT ToL) + " Ap—trace(LT ToL, ) — " Sp (25)

This expression can be further minimized by choosing optimal lo-
cations of sensors and actuators.

Shape Correction with Partial Measurements

Next we consider the problem of applying corrections on the basis
‘of incomplete data. We assume that we select 8 so as to minimize
the conditional expected value of f. The conditional expected value
of f with respect to the measured strain from Eq. (21) and with Eq.
(4) yields

En(f) = En(e?T Ae?) +2E(e?)"G" BT"0 + 6" TT BT9 (26)
where
T
Ep(e?) = [11,, €] @n

Differentiating with respect to @ and setting to zero, we get

6 = —(TTBT)"'TTBGE,(e?) 28)

Equation (28) is similar to Eq. (22) and. indicates that in cal-
culating the optimal actuator action we use the expected value of
the strains for unmeasured elements. This means that with partial
measurements of the strains, we will first estimate the unmeasured
strains from Eq. (16) and then use these strains to calculate the actu-
ator response as if these strains had been measured. We then obtain
the corrected value of f by substituting from Eq. (28) back into

Eq. (21) to get
fom = €T Ae? — €PTSE, (e?) — E,, (e?)T Se?
+ En (") SE(€P) 29)

The expected value of f., may be obtained with some algebraic
manipulations (see Appendix B) as

E(fom) = E(f) + trace(Lf[ Eg’" g]Ls) (30)

The difference between the expected value with complete and
partial measurement will depend on the number of sensors and
their locations.

Two-Bar Truss Example

Consider the two-bar truss structure in Fig. 1. The relationships
between the member length errors and the displacements are

@+ en? = (V3 +) + (4 4 1a)’ 31

() =i+ (314 ) &

Plz(ﬁ.zél + ul,%l + ug)

I+a Hte

Py:(¥31,0)

4

o
N

Fig. 1 Two-bar truss structure model.

By linearizing we get

{fl}=[%~/5 “}=G 33
€ 0 1 Uz

where
2/3 —1/3
G= [ 3( 31f] 34
We take the weighting matrix B as the unit matrix
B = [1 O] 35)
0 1
and then
L=GT (36)
and
4 2
A=G"G= {_% %} G37

The expected values and correlation matrix of the member length
errors are

w= [y, pal” (38)
and
o? 010
2(,:[ i ’“22] (39)
P00 (<53
Also
ul Ap = $(u} - ppa + p3) (40)
and, from Eq. (7),
() =
%(4012 — 4po0y + 022) %«/—3-(2,00102 - 022)
41
%ﬁ(Zpalo'z - 022) 022

Thus, from Eq. (9), the expected value of f without measurement is

F(f)=4(of —poror+0f + pd — pipa +43) (42

‘We assume element 2 is an active member, so that T is the second
column of G,

T =(-1v31) | 43)
Thus,

S=GIBT(TTBT)"'T"BG = [ ] (44)

WIN W=
Wik Win

and a possible factor L; of S is

T
1 2
L=(-— = 5)
( V3 /3 )
If we put the sensor on element 2, the conditional covariance ma-
trix is
Tim = Zn — TpIL =L = (1 — pHof

Next we calculate the following expected value:

E(€" Se) = trace(LT SoL,) + 7 Su (46)
where
LT%L, = 4(of — 4por0y + 402) “7)
and
wSu = 3(1} — 4prpa + 4u3) (48)
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Using these values, we finally obtain the expected values with com-
plete measurements and with partial measurements, respectively,
from Eq. (25),

E(f) =of+u} (49)
and from Eq. (30),
E(fom) =0} +pui + 11 - pHo} (50)

If instead of using element 2 as the active element we use element
1, we get the expected symmetrical results

E(f) =07 +u} 1
and
E(fum) =07 +uj + 31— pHog (52)

Comparing these results with E ( f), we note that besides eliminat-
ing the effect of the error in the active member (i.e., no contribution
from o, or u, for the case that element 2 is the active element), we
are able to reduce the effect of the error in the other member as well.
With complete measurements this reduction is by one-quarter (from
4 to 1). With partial measurement there is an extra penalty, unless
the correlation coefficient p is equal to 1. Indeed, when the correla-
tion is perfect, knowledge of one component implies knowledge of
the other one as well.

Performance of Shape Correction
with Partial Measurements

The algebraic expressions developed in the previous section do
not tell us how well we can expect to correct shape distortion with
partial measurements. To get an answer to this question we turn our
attention to a more realistic example than the one analyzed in the
previous section, the 150-member truss shown in Fig. 2. To make
use of this example we need to come up with some reasonable statis-
tics for member length errors and a strategy for optimally placing
actuators on the truss.

Simple Statistical Model

To generate statistical data for our problem we assume that
the vector of length errors € is composed of two uncorrelated
contributions

e =€+ Ac (33)

where € represents the well-correlated part of the distortion field,
due to continuous thermal fields, and Ae represents random, uncor-
related fluctuations. We denote the mean and covariance matrix of
€% by and 110 and X0, respectively, are the corresponding quantities
for Ae as Ap and AX, respectively. Here we assume that Ay = 0,
and that the correlation between all the components of €° is one, so
that X° is completely defined in terms of the standard deviations o;
of its components:

=) = oig; (54
The mean y and covariance X of ¢ are then given as

p=E(€) = E("+ Ae) = u° (55

T = E[(e — w(e— w1l
= E[(" — u%(" —

=304 AT (56)

)71+ E[(Ae — Ap)(Ae — Ap)T]

where we have used the assumption that €® and Ae are uncorrelated.

With this simple model of member length errors, the relative mag-
nitude of the standard deviations of €® and Ae determine the corre-
lation between the components of €, as illustrated by the following
two-member example.

NN ik.

Fig. 2 JPL truss antenna model.

Consider a case where member 1 and member 2 are subjected to
thermal loads with the temperature differential (from some ground
state) for member 2 expected to be twice as large as the differential
for member 1. This would lead to length errors of (€, 2¢;), with a

covariance matrix of
o} 207
=t 57
[2012 402 N

We also have some uncorrelated noise for both members, and if it
is of the same magnitude for both, then

Aot 0
az=| . (58)
and

o2 4+ Ao? 20?
' 2 2 ' 2 59
203 40f + Ao

The correlation coefficient p between ¢; and ¢, is

):=z°+m:={

212 20’1
 VEiTa \/(a + Ac?) (402 + Ac?)

Note that if A¢ is small compared to €;, then Ao will be small
compared to o, and then the correlation coefficient will be close
to 1. If, on the other hand, Ae dominates, Ao will be large and
the correlation coefficient will be close to zero. Thus, if we have
some idea about the fraction of ¢, that can be determined from
interpolation and the part that is random, we can estimate o and Ao,
and we can calculate the covariance matrix of these two member
length errors.

The expressions developed in this paper for the expected value of
the shape distortion do not depend on the details of the statistical dis-
tributions, but only on their mean values and covariances. However,
for the examples we have also performed simulations by randomly
generating shape errors. These simulations employed normally dis-
tributed member error vectors.

(60)

Selection of Actuator Locations by Genetic Algorithm

The locations of actuators are selected so as to minimize the
expected value of the shape distortion. We furthermore assume that
active members are used as both actuators and sensors, so that the
actuators and sensors are collocated. Using Eqgs. (25) and (30), we
get for the expected value of the distortion

E(fum) = trace(L7SL) + " Ap — trace(LT 5, L)

Sim O
— uTSu + trace (L{[ g O]Ls> (61)

As the first and second terms of the right-hand side of the equation
are independent of the location of actuators, the problem reduces to
the maximization of

p 0
trace(L] ToL,) + u” Sy — trace (LJT [ (1)1'" 0:‘ Ls) (62)
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Table 1 Distortion ratios with complete and partial measurement: analytical results
and random simulations for reflector surface z displacements

a) p =0.99999, u = 0.001, o = 0.001

Distortion ratio

With complete measurement

With partial measurement

Analytical

Analytical

Random simulation Random simulation
Number of value value
actators  E(F)/E(H)  EUD/EG™) oUD/EFY  EGam)EW)  EGS)ES) a(f5)/EG)
2 0.4653 0.4653 0.5418 0.4653 0.4653 0.5418
4 0.0604 0.0604 0.0708 0.0605 0.0605 0.0708
6 0.0338 0.0338 0.0421 0.0338 0.0339 0.0421
8 0.0189 0.0189 0.0231 0.0189 0.0189 0.0231
16 0.0017 0.0017 0.0021 0.0018 0.0018 0.0021
24 0.0000 0.0000 0.0000 0.0001 0.0001 0.0001
32 0.0000 0.0000 0.0000 0.0001 0.0001 0.0000
40 0.0000 0.0000 0.0000 0.0001 0.0001 0.0000
E(f) =0.1794 x 10~%, E(f*) = 0.1827 x 1074, o (f*) = 0.2213 x 10~*
b) p =05, u=0.001p=0.001
Distortion ratio
With complete measurement With partial measurement
Analytical Random simulation Analytical Random simulation
Number of value value
actuators E(f)/E(f)  EUDIES o(FHIESY  EUm)ES) - ESIESY o(f5)/EU)
2 0.5957 0.5918 0.3367 0.8854 0.8741 0.5032
4 0.3265 0.3317 0.1426 0.7523 0.7364 0.4417
6 0.2828 0.2797 0.1275 0.6695 0.6745 0.3837
8 0.2420 0.2497 0.1155 0.6000 0.6239 0.3450
16 0.0881 0.0886 0.0453 0.4916 0.4953 0.2511
24 0.0179 0.0179 0.0162 0.4433 0.4416 0.2245
32 0.0000 0.0000 0.0000 0.3980 0.4092 0.2160
40 0.0000 0.0000 0.0000 0.3834 0.3878 0.2455
E(f) = 0.1325 x 1073, E(f*) = 0.1303 x 1072, o (f*) = 0.7897 x 10~*
c)p =00 u=00010c=000]
Distortion ratio
With complete measurement With partial measurement
Analytical Random simulation Apalytical Random simulation
Number of value value
actuators E(f)/E(S) E(fO/Ef*) a(fH/E™) E(fem)/ E(S) E(fG)/E(fYY o (f5)/E(f™)
2 0.5891 0.5936 0.3787 0.8998 0.8881 0.5528
4 0.3427 0.3458 0.1446 0.7899 0.8001 0.4806
6 0.2998 0.3000 0.1306 0.7132 0.6992 0.3692
8 0.2577 0.2591 0.1218 0.6376 0.6352 0.3299
16 0.0791 0.0800 0.0443 0.5229 0.5283 0.2595
24 0.0130 0.0124 0.0104 0.5131 0.5085 0.2840
32 : 0.0000 0.0000 0.0000 0.4758 0.4783 0.2585
40 0.0000 0.0000 0.0000 0.3998 0.4048 0.1957

E(f) = 02471 x 1073, E(f*) =0.2459 x 1073, o(F*) = 0.1525 x 1073

The genetic algorithm used for obtaining actuator locations is
an integer-coding uniform crossover algorithm* described briefly in
the following. For n, actuators the locations are coded as a string
of n, integers specifying the active members. Genetic algorithms
work simultaneously on a population of n, designs (strings), sub-
jecting them to operators that mimic the biological processes of
evolution and natural selection. The procedure goes through the
following steps:

1) Generate randomly an initial population of n, designs.

2) Evaluate the objective function for each member of the popu-
lation, and rank the members.

3) Select a pair of parents from the population by simulating
a roulette wheel, with each design getting a portion of the wheel
proportional to #,; minus its rank.

4) Generate a child design by uniform crossover. That is, for each
string position take a location from one parent-or the other parent
at random.

5) Mutate randomly (but with low probability) some of the actu-
ator locations in the child design to random new locations.

6) Repeat steps 2-5 n, times to generate a complete new genera-
tion.

7) Replace the old generation with the new generation.
This process is repeated for a specified number of generations.

JPL Truss Antenna Model

The Jet Propulsion Laboratory (JPL) truss antenna model shown
in Fig. 2 was used to evaluate the performance of shape correction
based on partial measurements. The truss has 150 members and 45
nodes. Of these nodes, 27 support the reflecting surface, and we
assumed that only the z displacement (axisymmetric direction of
the parabola) of these nodes affects shape distortion. Accordingly,
we used a diagonal matrix B with zeros everywhere expect for the
27 locations corresponding to the z displacements of the nodes of
the reflecting surface.

For testing performance, we have assumed uniform heating of the
entire truss. Thus the perfectly correlated part of the member errors
has all members with the same mean value and standard deviation
of the error. The uncorrelated part of the error has zero mean with all
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Table 2 Distortion-correction ratios with complete and partial measurement:
random simulations for reflector surface z displacements

a) p =0.99999, i = 0.001, ¢ = 0.001

Distortion-correction ratio

With complete measurement

With partial measurement

Number of
actuators E(f£/F") o (£2/1%) E(famlf")  olalf?)
2 0.4659 0.0239 0.4691 0.0305
4 0.0629 0.0183 0.0671 0.0451
6 0.0376 0.0289 0.0417 0.0523
8 : 0.0220 0.0221 0.0284 0.0612
16 0.0030 0.0081 0.0129 0.0786
24 0.0002 0.0020 0.0089 0.0587
32 0.0000 0.0000 0.0068 0.0537
40 0.0000 0.0000 0.0058 0.0381
E(F*) =0.1827 x 1074, o (f*) = 0.2213 x 10~*
b)p =05 p=0001,0 =0001
Distortion-correction ratio
With complete measurement With partial measurement
Number of
actuators E(fH/£%) o (S2/F) E(f2n/f") o (fom/ 1)
2 0.6516 0.2170 0.9202 0.2624
4 0.4035 0.1925 0.8112 0.3461
6 0.3528 0.1904 0.7813 0.4089
8 0.3119 0.1707 0.7305 0.3920
16 0.1167 0.0843 0.6085 0.3490
24 0.0233 0.0250 0.5537 0.3668
32 0.0000 0.0000 0.5135 0.3457
40 0.0000 0.0000 0.4940 0.3283
E(f*) =0.1303 x 1073, o0 (f*) = 0.7897 x 10~*
c)p=00,u=00010 =0001
Distortion-correction ratio
With complete measurement With partial measurement
Number of
actuators E(fZ1) a(fS/f") E(foul/f") o (fou/f™)
2 0.6485 0.2169 0.9334 0.2744
4 0.4272 0.2018 0.8902 0.4004
6 0.3786 0.2007 0.8090 0.3964
8 0.3248 0.1747 0.7545 0.3994
16 0.1052 0.0773 0.6474 0.3811
24 0.0169 0.0186 0.6260 0.4008
32 0.0000 0.0000 0.5912 0.3675
40 0.0000 0.0000 0.5146 0.3213

E(f*) = 0.2459 x 1073, o (f*) = 0.1525 x 10~3

members having the same standard deviations. We considered three
ratios between the variance (square of the standard deviation) of
the correlated part and the total variance (the sum of the two parts):
zero, one-half, and one. These assumptions also make for a uniform
coefficient of correlation between all members equal to the ratio of
the correlated variance and total variance. This case appears to be
fairly benign in terms of the distribution of errors, but, as the results
show, it is not easy to control the shape distortion.

Reflector Surface Distortion Results

The effectiveness of the shape correction is measured in terms
of ratios of corrected shape distortion to original shape distortions.
From the expressions derived in the paper we can calculate the ratio
g of the means of the two quantities

2 _ Elfom)
E(f)

which is called the distortion ratio. From Monte Carlo simulations
we can calculate besides g2 also several other quantities:

fﬂ (fem) Sem
(5 5 (5 @

(63)

The first is the average of the distortion-correction ratio, the second
is a normalized standard deviation of corrected distortion, and the
third is the standard deviation of the distortion-correction ratio.
Distortion ratios with complete and partial measurements were
obtained by the analytical formulas presented in the paper and by
1000 random (Monte Carlo) simulations. Results for surface error
of the truss reflector antenna are shown in Table 1. In the table, an
asterisk indicates the results by random simulation. The agreement
between the analytical and simulation results is very good. It may ap-
pear that with the possibility of performing such simulations there is
no need for analytical results. However, the genetic optimization of
the actuator locations would have been prohibitively expensive if we
had needed to rely on simulations instead of analytical expressions.
As can be seen from Table 1, when the correlation coefficient is
very close to one, the distortion ratios with complete and partial mea-
surement are very close. This is due to the fact that with all members
highly correlated, the partial measurements provide excellent esti-
mates of the unmeasured distortions. Table 1a also indicates that we
can get excellent performance with a small number of actuators. For
example, four actuators suffice to reduce the expected distortion to
6% of its original value. This excellent performance reflects the uni-
formity of the distortion field and the relatively small number (below
27) of displacement components that define the distortion measure.
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Table 3 Distortion ratios with complete and partial measurement: analytical results
and random simulations for all displacements

a) p = 0.99999, p = 0.001, o = 0.001

Distortion ratio

With complete measurement With partial measurement
Analytical Random simulation Analytical Random simulation
Number of value value
actvators  E(f)/E(f) E(H/E(f*) o(N/ES*) E(fem)/E(f) E(L)E(Y) a(f5)/E(f*)
2 0.9285 0.9285 1.1902 0.9285 0.9285 1.1902
4 0.8395 0.8395 0.9716 0.8395 0.8395 0.9716
6 0.7538 0.7537 0.8588 0.7538 0.7538 0.8588
8 0.6888 0.6888 0.8255 0.6888 0.6888 0.8255
16 0.4694 0.4694 0.5680 0.4694 0.4694 0.5680
24 0.4134 0.4134 0.4850 0.4134 0.4134 0.4850
32 0.3393 0.3393 0.4023 0.3393 0.3393 0.4023
40 0.2798 0.2798 0.3284 0.2798 0.2798 0.3284
E(f*) =0.3117 x 1073, E(F*) = 03128 x 1073, o' (f*) = 0.3727 x 103
b)p=0.5 u=0001,0 =0.001
Distortion ratio
With complete measurement With partial measurement
-Analytical Random simulation Analytical Random simulation
Number of value value
actuators ~ E(f)/E(f) E(fH/E(f*) o(fD/E™) E(fem)/EC(F) E(GHE™) o)/ E(fY)
2 0.8031 0.8059 0.5064 0.9399 0.9380 0.5462
4 0.6807 0.6767 0.4896 0.8785 0.8724 0.5412
6 0.5987 0.5980 0.3930 0.8163 0.8167 0.4591
8 0.4959 0.5006 0.3668 0.7466 0.7541 0.4175
16 0.3874 0.3952 0.3026 0.5907 0.5942 0.3241
24 0.2665 0.2677 0.1883 0.5240 0.5231 0.2528
32 0.2108 02116 0.1492 0.4168 0.4200 0.1868
40 0.1717 0.1716 0.1283 0.3791 0.3831 0.1729
E(f) =0.5367 x 1073, E(f*) = 0.5340 x 1073, o (f*) = 0.3055 x 1073
c)p =00, pu=000I0 =0.00!
Distortion ratio
With complete measurement With partial measurement
Analytical Random simulation Analytical Random simulation
Number of value value
actuators  E(fo)/E(f) E(ND/E(f*) o(fD/EU™) E(fem)/E(F) EE/ES™) o(fG)/E(FT)
2 0.7285 0.7187 0.2607 0.9213 0.9214 0.4008
4 0.5634 0.5677 0.1471 0.8419 0.8395 0.3096
6 0.4689 0.4655 0.1024 0.7641 0.7603 0.2759
8 0.4014 0.4056 0.0859 0.7202 0.7298 0.2662
16 . 0.2904 0.2897 0.0537 0.5841 0.5809 0.2030
24 0.2151 0.2163 0.0382 0.5123 0.5161 0.1835
32 0.1960 0.1968 0.0334 0.4580 0.4596 0.1406
40 0.1633 0.1646 0.0286 0.4178 0.4142 0.1340

E(f) =0.7618 x 1073, E(f*) = 0.7557 x 1073, o(f*) = 0.3395 x 10~3

As can be seen from Tables 1b and 1c, without such perfect cor-
relation the number of actuators required to reduce the distortion is
substantially larger even with complete measurements. For exam-
ple, 16 actuators reduce the expected distortion by just over an order
of magnitude, while for the perfect correlation case they reduce it
by almost three orders of magnitude. Note that the numbers in the
first column of Table 1b are slightly higher than the corresponding
numbers in Table 1c, which gives the impression that the case with
a correlation of 0.5 is more difficult than the case with almost zero
correlation. However, E( f) is almost twice as high in Table 1c, so
that both the uncorrected and corrected distortions are higher for the
low-correlation case.

The results with partial measurements are quite discouraging,
with 40 pairs of sensors and actuators not being sufficient for reduc-
ing the expected value of the distortion by a factor of 3. The random
simulation also gives the standard deviations associated with the dis-
tortion ratio. The large standard deviation reinforces the bleakness

of the results for correlations of 0.001 and 0.5. These results indi-
cate that when the errors have a substantial uncorrelated random
component, partial measurement may not be a viable strategy.

Table 2 shows the distortion-correction ratio obtained by random
simulations. The mean values of the distortion-correction ratio are
somewhat larger than the corresponding values of the distortion ratio
in Table 1. This difference may reflect the influence of cases where
f is small but not easily correctible by the actuator configuration.

‘When the number of displacement components of interest is larger
than the 27 we have for this example, we may expect to require
a larger number of actuators to achieve the same level of shape
correction. To investigate this possibility we included all 135 degrees
of freedom in the distortion measure by using the unit matrix for the
weighting matrix B.

Table 3 shows the distortion ratios for this case. As expected, the
number of actuators required to achieve a given value of the distor-
tion ratio increases greatly even for the full measurement case. For
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Table4 Actuator locations for reflector surface z displacements

Location of
actuators

Number of actuators, p == (0.99999

Number of actuators, p = 0.0

6

8

16

24

32

40

4

6

8

16

24

w
[\
o+
<

123

continued
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Table4 (Continued) Actuator locations for reflector surface z displacements

Number of actuators, p = 0.99999

Number of actuators, p = 0.0

Location of

actuators 2 4 6 8 16 24 32

40

2 4 6 8 16 24 32 40

124

125

126

127

128

129 .
130 .
131 .
132

133 . .

134

135 .

136

138

139

140

142

143 .
144

146

148 .
149 . .

example, with 27 distortion degrees of freedom, eight actuators were
sufficient for a distortion ratio of about 0.25 (see Tables 1b and 1c).
Now we need more than about 20 actuators for similar performance.
As in Table 1, the distortion ratio improves with the reduction in
correlation coefficient, but on including the effect of the increase in
E(f) the corrected distortion actually increases. The performance
with partial measurements is still quite dismal, although, as the per-
formance with complete measurements is not as good, the former
does not look as bad in comparison. Still, with 40 pairs of sensors
and actuators we can achieve only a distortion ratio of about 0.4.

Table 4 shows the distribution of actuator locations obtained by
the genetic algorithm for the fully correlated and uncorrelated cases,
respectively. For the completely correlated model, the distribution
of the best location of actuators does not appear to be so consistent.
For the uncorrelated case the best locations follow a pattern as the
number of actuators increases, with the locations used for a low
number of actuators retained and neighboring locations added. This
pattern does not hold for the fully correlated case.

Concluding Remarks

Expressions for the statistics of shape distortion of space truss
structures when measurements are limited to the distortions in a
subset of the members of the truss were obtained for both the
uncorrected and corrected cases. It was shown that the mean values
and covariance matrices of the errors can be used to estimate the
distortions in the rest of the truss members. Furthermore, the best
strategy for controlling the distortion was shown to be the treatment
of estimated member distortions as if they had been measured.

The performance of shape correction was investigated for a
150-member antenna truss. A genetic algorithm was employed
for placing pairs of sensors and actuators so as to minimize the

_ 1

- (211 - 2122221221)
= _ _ -1

-z )321(211 - Ty 221)

expected value of the distortion. Results were obtained for two cases,
one with a distortion measure including only axial displacements
on the reflector face of the truss, and the other including all de-
grees of freedom. For the first case it was found that with complete
measurement the distortion of the truss could be reduced effectively
with a small number of actuators. With partial measurements even

a large number of actuators did not provide substantial reduction
in shape distortion. For the case when all degrees of freedom were
involved, a large number of actuators was required even with com-
plete measurement. The performance was still dismal with partial
measurements, but the performance discrepancy due to having only
partial measurements was not as great.

Appendix A: Conditional Probabilities
The derivations of the conditional expected value and correlation
are summarized from Ref. 5, as follows:
The conditional density function of €, is given by fixing the ele-
ment of ¢; as

eley, €2)
h(e2)
where e is the joint density of the complete set of e(= [¢7, €] 17),

and A is the joint density of the €,. Assuming that the ¢ is a normally
distributed random variable,

r(e | &) = (A1)

h(e) = exp[ — 3 (e — u2)" B! (€2 — )| (A2)

(2m)2/?| Ep|!/?

where p; and w, are expected values of €; and e;, respectively.
Consider

1 1 Ts—1
e(e) = WCXP[ —3e—u)y T (e— M)] (A3)
where
|Z] = [B2| |20 — =025 Sy (Ad)
and
-1
—(Z1 — IR Zy) ZpEy
( 2 ) _212 A5)
+ 35 50 (Zu - ZpZy Tu) Iy
Thus, the conditional density function r is obtained as
(1] €) S
r(e =
FET @R S|
x exp| — 1(e1 — thim) Bih (€1 — th1m)] (A6)
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where
fim = En(e1) = 1 + 123, (€2m — H2) (A7)
and
Siim = Bmle) = Ty — TpEy Ty = By — Eply B (A8)

Appendix B: Expected Value of .,
The expected value of f,, [Eq. (29)] is given as

E(fum) = E(e"" A€”) — E[¢’" L, L] En(€”)
+ En(€?) L;LT€? — Ep(e”)" LLT Ep(e?)] (B1)

For simplifying Eq. (B1) we need the following relationship for
arbitrary x and y:

E(x"L,L]y) = E[trace(L] yx" L,)] = trace[ E(L] yx" L;)]
= trace[ L E(yx")L,] (B2)
With the help of Eq. (B2), we transform Eq. (B1) into
E(fom) = E(e?T A€?) — trace{LSTE[e”e”T —ePeT
+ En(e?)e?” + € Ep(€”) ~ En(e”)En(e?)T|L;}  (B3)
Finally, the additional application of Eq. (B2) yields

E(fum) = E[?T(A — S5)€”]

+E{[¢” — En(e")]' S[e? = En(eM)]) (B4)

The second term of the right-hand side of Eq. (B4) is

E{[e? = En(e")]" 5[¢? = En(eP)]}

E[trace[LT[¢? — En(e?)][€ — En(e?)]" LT}]

trace{LT E[(¢] — T, 07) (] — uF,,07)]L,}

P 0
trace(Lz[ (‘)‘"' O]Ls)zo (B5)

Also, clearly, E[ePT (A — S)e?] = E[e7 (A — S)¢], and so, using
Eq. (23), we have

E(fon) = E(£) + trace(Lf[ E:)"" g]Ls) (B6)
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